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We develop a theoretical description of a device for coherent conversion of microwave to optical
photons. For the device, dopant ions in a crystal are used as three-level systems, and interact with
the fields inside overlapping microwave and optical cavities. We develop a model for the cavity fields
interacting with an ensemble of ions, and model the ions using an open quantum systems approach,
while accounting for the effect of inhomogeneous broadening. Numerical methods are developed to
allow us to accurately simulate the device. We also further develop a simplified model, applicable in
the case of small cavity fields which is relevant to quantum information applications. This simplified
model is used to predict the maximum conversion efficiency of the device. We investigate the effect
of various parameters, and predict that conversion efficiency of above 80% should be possible with
currently existing experimental setups inside a dilution refrigerator.
I. INTRODUCTION
Superconducting qubits are one of the main qubit de-
signs for quantum computation, and have two states
which are separated by a microwave frequency. This al-
lows them to be easily coupled and controlled with mi-
crowave photons, typically in the 5-10 GHz range. The
relatively low energy of the microwave photons means
that when transmitting the quantum information en-
coded in them, at all but millikelvin temperatures, the
signal is overwhelmed by the effects of thermal noise.
Optical photons, however, have much higher energy and
so are immune to these effects of thermal noise, and ad-
ditionally can be sent via existing fiber optic networks.
Therefore there is much interest in being able to coher-
ently convert between microwave and optical photons,
without destroying the encoded quantum information.
There are several different experimental approaches for
achieving microwave to optical photon upconversion [1].
Each of these methods aims to coherently combine an
input microwave photon carrying the quantum informa-
tion, with one or more optical photons. Some of these
methods include using χ(2) non-linear materials [2–4];
collective spin systems where the microwaves can excite
a magnon mode [5–8]; clouds of ultracold Rydberg atoms
which takes advantage of the large transition dipole mo-
ment of the Rydberg atoms [9, 10]; and optomechanical
systems. The optomechanical approaches have achieved
the highest conversion efficiency at 47% [11]. This high
efficiency optomechanical approach used a low frequency
high Q mechanical resonator which led to a low band-
width and added noise. Recently, a different optome-
chanical upconversion method has been demonstrated
which appears to overcome these disadvantages [12], in
this work they achieved the milestone of generating op-
tical photons from superconducting qubits but without
the same high efficiency.
In this work we focus on using a crystal doped with
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rare-earth ions, which are used as three level systems.
This scheme was originally proposed in [13], and has
been investigated theoretically and experimentally in
[14]. Similar proposals for conversion using crystals
doped with three level systems have also been made
[15, 16]. Treating the ions as three level systems, the
lower two levels (|1〉, |2〉) are the lowest Kramers doublet,
which have been Zeeman split by an external magnetic
field; and the third level |3〉 is an electronic excited state.
The basic scheme is as follows (Figure 1a): an input mi-
crowave photon excites the ion into the upper Zeeman
level; a strong optical laser pump is applied to drive this
further into the electronic excited state |3〉; the atom will
then transfer back into the ground state, emitting an op-
tical photon with the frequency equal to the sum of the
two input photons. The device that we will investigate
is composed of our doped crystal inside overlapping mi-
crowave and optical cavities. The optical cavity can be
designed such that the process is phase matched, and
there are two optical cavity modes which are close to
resonant with the optical pump and the unconverted op-
tical field. Upconversion using a similar atomic scheme
is suggested in [17], but instead of using the microwave
transition of the ground state doublet, and excited state
doublet is used.
The model which we will develop is quite general, and
should apply to devices using ensembles of any three level
atoms. For our calculations we will consider erbium ions
in yttrium orthosilicate. Erbium ions are of particular
interest for microwave to optical upconversion because
they an optical transition around 1550 nm, which is in
the region where silica fibers have the lowest attenua-
tion. Upconversion in such a device, using erbium, has
been demonstrated experimentally [14] with a maximum
conversion efficiency of 1.3× 10−5.
We begin by using input–output formalism [18, 19] to
formulate equations for the optical and microwave cavity
fields, this results in equations which are coupled by the
interaction between the cavity fields and the atoms. We
will then develop a description for the dynamics of the
ensemble of atoms, and their interaction with the light
fields in the cavities using a master equation approach.
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FIG. 1: (a) An energy level diagram of a three level
atom absorbing a microwave photon and a photon from
an optical pump, and emitting an optical photon. (b)
The double cavity upconversion device, with a crystal
doped with rare-earth ions in the overlapping modes of
an optical and a microwave field. An input microwave
photon (βin) and a pump laser photon are combined via
the interaction in (a) to produce an optical upconverted
photon (αout).
From here we can numerically solve for the cavity field
equations, and in the case where we have no input opti-
cal field, the optical output field will be due entirely to
upconverted microwave photons.
We develop and test a linearised model which is ap-
plicable when the cavity inputs are small, such as the
regime used for quantum information processing. We use
this model to find experimental parameters to optimise
the conversion efficiency.
II. THE THEORETICAL MODEL
The principle of operation for the upconversion device
is shown in Figure 1b [13].
For the case of erbium ions, the |1〉 and |2〉 states are
the Zeeman levels of 4I15/2(Z1), and |3〉 is one of the
4I13/2(Y1) levels.
The Hamiltonian for the device can be expressed as
Hˆ = Hˆfields + Hˆatoms + Hˆint (1)
where,
Hˆfields = ωcµbˆ
†bˆ+ ωcoaˆ†aˆ (2)
Hˆatoms =
∑
k
ω12,kσ22,k + ω13,kσ33,k (3)
Hˆint =
∑
k
gµ,k bˆσ21,k + go,kaˆσ31,k + Ωkσ32,k + h.c.
(4)
Hˆfields describes the energy of the cavity fields, where the
frequency of the microwave (optical) cavity is ωcµ (ωco)
and the corresponding annihilation operator is bˆ (aˆ).
Hˆatoms is the energy of the atoms, and Hˆint is the
Hamiltonian for the interaction between the cavity fields
and the atoms. The sums represent the sums over all
the atoms. For the kth atom, ωnm,k is the transition
frequency between the |n〉 and |m〉 levels, σnn is the pop-
ulation of |n〉, σmn,k is the atomic transition operator
for the |m〉 → |n〉 transition, gµ,k (go,k) is the coupling
between the microwave (optical) transition and the cav-
ity field, and Ωk is the Rabi frequency of the |2〉 → |3〉
transition driven by the pump laser.
A. Cavity Fields
Using quantum input–output formalism from [18, 19],
and following the initial working from [14], the equations
of motion for the microwave and optical cavity field op-
erators in the time domain are
daˆ
dt
= −i(ωcoaˆ+
∑
k
g∗o,kσ13,k)−
γoc + γoi
2
aˆ+
√
γocaˆin +
√
γoiaˆin,i
(5)
dbˆ
dt
= −i(ωcµbˆ+
∑
k
g∗µ,kσ12,k)−
γµc + γµi
2
bˆ+
√
γµcbˆin +
√
γµibˆin,i
(6)
where for the microwave (optical) cavity, γµc (γoc) and
γµi (γoi) are the coupling and intrinsic losses, bˆin (aˆin)
represents the input field into the cavity via the port, and
bˆin,i (aˆin,i) represents any other input.
We now make a semi-classical approximation, treating
our fields as complex amplitudes rather than operators,
bˆ → β, aˆ → α. Additionally σ12,k and σ13,k, and the
input fields will also be treated as complex numbers, and
any undriven input fields are set to zero, βin,i = αin,i =
0.
β˙(t) = −i(ωcµβ +
∑
k
g∗µ,kσ12,k)−
γµc + γµi
2
β +
√
γµcβin
(7)
α˙(t) = −i(ωcoα+
∑
k
g∗o,kσ13,k)−
γoc + γoi
2
α+
√
γocαin
(8)
Taking the Fourier transform of these relations gives,
β˜(δµ) =
−i∑k g∗µ,kσ12,k
(γµc + γµi)/2− iδµ +
√
γµcβ˜in
(γµc + γµi)/2− iδµ (9)
α˜(δµ) =
−i∑k g∗o,kσ13,k
(γoc + γoi)/2− iδo +
√
γocα˜in
(γoc + γoi)/2− iδo (10)
which tell us the cavity field amplitudes as a function of
the detunings between input fields and the cavities,
δµ = ωo − ωcµ, δo = ωo − ωco (11)
3These equations for the cavity fields are coupled and non-
linear because of the interactions between the light fields
and the atoms, these interactions appear in the equa-
tions as sums over the atomic transition operators σ12,k
and σ13,k. The values used for the atomic transition op-
erators for the individual atoms will depend on the fre-
quencies of the atomic transitions and the cavity fields,
as well as the cavity field amplitudes β˜ and α˜.
Equations 9 and 10 will be solved to yield the cavity
field amplitudes, and from the input–output theory [18]
the output fields are given by
βout =
√
γµcβ, αout =
√
γocα (12)
Therefore finding the optical output field αout as a
function of the input microwave field βin will allow is
to find the conversion efficiency of the device.
B. Atomic Dynamics
FIG. 2: Energy level diagram for the scheme using the
ground state microwave transition, showing frequencies
of the atomic transitions and the light fields. The fields
may be detuned from the atomic transitions. The
microwave field is represented by β, the upconverted
optical field is represented by α, and the Rabi frequency
for the pump field is Ω.
To solve for the cavity fields β and α, we need to find
the classical values for the atomic transition operator
terms σ12 and σ13 for each individual atom. We initially
consider a three level atom interacting with microwave
and optical fields (with classical amplitudes β and α re-
spectively), and with the |2〉 → |3〉 transition driven by
a coherent driving field. The three level atoms are here
modeled in a similar fashion as in [14].
To find σ13,k and σ12,k we first find the steady state
density matrix, because the individual elements corre-
spond to the ensemble average of the classical values of
the atomic transition operators,
ρnm =
∑
j
pj 〈σnm〉j (13)
where pj is the statistical probability that the the atom
is in state |ψj〉.
The steady state density matrix is found by solving
ρ˙ = Lρ = 0 (14)
where L is the Liouvillian superoperator which accounts
for both Hamiltonian evolution and damping processes,
and can be written as
Lρ = − i
h¯
[
Hˆ, ρ
]
+ Γρ (15)
Where Hˆ here is the Hamiltonian for a single three level
atom interacting with the various light fields. This is in
the frame rotating with the light fields because otherwise
we would not be able to find a steady state ρ. Hˆ can be
expressed in matrix form as
Hˆ =
 0 gµβ∗ goα∗gµβ δaµ − δµ Ω∗
goα Ω δao − δo
 (16)
Here the energy of the levels in this rotating frame are
expressed in terms of detunings rather than the absolute
frequencies; δaµ and δao represent the detuning between
the cavity and atomic transition for this specific atom,
δaµ = ω12 − ωcµ, δao = ω13 − ωco, (17)
δµ and δo are the detunings between the fields and the
cavities (Equation 11). These detunings are used because
the atomic detunings (δaµ and δao) vary for each atom,
and later we will integrate over these detunings while
holding the others constant.
The superoperator Γ describes the effects of damping,
and may be expressed as Γρ = Γ12ρ+Γ23ρ+Γ13ρ+Γ2dρ+
Γ3dρ, where Γnm results in population decay from |m〉 to
|n〉, and Γnd results in additional dephasing of state |n〉
Γnmρ =
γnm
2
(Nnm + 1)(2σnmρσnm − σmnσnmρ− ρσmnσnm)
(18)
+
γnm
2
Nnm(2σmnρσmn − σnmσmnρ− ρσnmσmn)
Γndρ =
γnd
2
(2σnnρσnn − σnnρ− ρσnn) (19)
γnm is the damping rate for the |m〉 → |n〉 transition,
γnd is the dephasing rate of state |n〉, and Nnm is the ex-
citation number for the transition at the temperature of
the atom. Nnm is given by the Planck distribution, and
will only be non-zero for the microwave |1〉 → |2〉 tran-
sition because the transition frequencies of the optical
transitions are so high.
We are now in a position to solve for the steady state
density matrix (Equation 14). To do this we use the
method described in [14] and express ρ as a 9× 1 vector,
and L as a 9 × 9 matrix. By taking into account the
normalisation condition on ρ that ρ11 +ρ22 +ρ33 = 1, we
can invert L and solve for the unique steady state density
matrix solution. This allows us to find ρ, and thus the
classical values of the atomic transition operators σ13,k
4and σ12,k, as a function of the various detunings and the
cavity field amplitudes α and β.
The atomic terms that appear in our cavity field equa-
tions are sums over the atomic transition operators for
each of the individual atoms.
In the doped crystal, each atom will be in a slightly
different environment and hence there will be inhomoge-
neous broadening of the spectral lines. This means that
each atom will have different transition frequencies and
different atomic detunings. Because the number of atoms
is so large (∼ 1016 atoms) we are unable to perform these
sums directly, and instead we approximate the sums as
integrals. We assume the microwave and optical atomic
detunings are normally distributed around a central fre-
quency, and so integrate the density matrix terms over
the detunings, with weightings given by the normal dis-
tributions. The sum terms can then be expressed as,∑
k
g∗o,kσ13,k(δao,k, δaµ,k) =
Nogo
∫
dδao
∫
dδaµGo(δao)Gµ(δaµ)ρ13(δao, δaµ) (20)∑
k
g∗µ,kσ12,k(δao,k, δaµ,k) =
Nµgµ
∫
dδao
∫
dδaµGo(δao)Gµ(δaµ)ρ12(δao, δaµ) (21)
where Go(δao) and Gµ(δaµ) are normal distributions rep-
resenting the optical and microwave inhomogeneous dis-
tributions. These two distributions will be centered
around the mean optical and microwave atomic frequen-
cies, and the width will be determined by the inhomo-
geneous linewidth. We are assuming that the coupling
strengths go and gµ are real, and the same for all the
atoms. As well as being a function of the detunings, the
density matrix elements will also depend on the cavity
field amplitudes.
III. NUMERICAL METHODS
The components of ρ can change rapidly with fre-
quency around regions where the detunings δao and
δaµ correspond to degenerate eigenvalues of the atomic
Hamiltonian (Equation 16). This can be seen in Figure 3.
The eigenvalues of Equation 16 correspond to the energy
of the dressed states of a single atom interacting with
the fields. As we are are working in the rotating frame
where both the microwave and optical fields have zero fre-
quency, these eigenvalues being degenerate corresponds
to the fields directly driving the transitions between the
dressed states.
When we numerically evaluate the integrals in Equa-
tions 20 and 21 it is important to know locations of these
dressed states so that they are not missed. This is par-
ticularly important because the homogeneous linewidth
is much smaller than the inhomogeneous linewidth.
(a) Large microwave field
(b) Small microwave field
FIG. 3: The single atom coherences ρ12 and ρ13 as
functions of the atomic detunings, using parameters
from Table I, for large microwave and small pump field,
and small microwave and large pump field. The red
lines indicate the detunings corresponding to the
degenerate dressed states.
FIG. 4: Schematic demonstrating how the integration
regions are split up. The black curve represents the
centre of the peak of ρ(δao, δaµ). When evaluating the
outer integral over δao, for each value of the integration
point δ′ao there is a δ
′
aµ corresponding to the peak. So
when we evaluate the inner integral over δaµ, integrating
along the dashed red line, we will split this integral up
around δ′aµ. This will be done for every value of δ
′
ao.
For each value of the atomic optical detuning δao there
will be an atomic microwave detuning δaµ which corre-
sponds to the dressed state transition. For the numerical
integration we will treat the integral over δao as the outer
integral, and so for each value of δao we will find the value
of δaµ over which to split up the δaµ integral. We do this
by numerical root finding using an analytical solution to
a simpler problem as an initial guess.
5A. Method for finding detunings for degenerate
dressed states
The eigenvalues λ of our Hamiltonian are given by
det(Hˆ − 1λ) = 0 (22)
Because Hˆ is a 3 × 3 matrix, this determinant will be a
cubic polynomial in λ. For a cubic, if the discriminant is
zero then the polynomial has at least 2 repeated roots.
This is exactly what we are looking for, because repeated
roots mean that the Hamiltonian has degenerate eigen-
values. Therefore we want to find detunings δao and δaµ
such that
Discλ(det(Hˆ(δao, δaµ)− 1λ)) = 0 (23)
For a value of the optical detuning δao, we want to find
which value of δaµ satisfies Equation 23. This can be
done numerically, for which we need an initial guess of
the value of δaµ.
For these initial guesses we will assume that the optical
output field α is negligible, and then work in the regime
where we can either ignore the effect of the microwave
field or the optical pump laser.
In the case where the optical pump is small and can
be ignored, Ω→ 0, and our Hamiltonian becomes
Hˆ =
 0 gµβ∗ 0gµβ δaµ − δµ 0
0 0 δao − δo
 (24)
And so the degenerate dressed state detunings are
δaµ = − |gµβ|
2
δao − δo + δao − δo + δµ (25)
So for a given optical detuning δao, δaµ is the mi-
crowave detuning which makes the dressed states degen-
erate. Alternatively, when the microwave field is negligi-
ble,
Hˆ =
0 0 00 δaµ − δµ Ω∗
0 Ω δao − δo
 (26)
where the degenerate dressed state detunings are given
by
δaµ =
|Ω|2
δao − δo + δµ (27)
The magnitudes of ρ12 and ρ13 are plotted in Figure 3
as functions of the microwave and optical atomic detun-
ings, and the detunings corresponding to the degener-
ate dressed states are where these functions are rapidly
changing. The atomic parameters for Figure 3 are the
same as are used in Section V; for 3a the microwave field
corresponds to 5 dBm of input microwave power, and the
pump laser power is 1 pW; for 3b the microwave power
is -75 dBm and the pump power is 100 mW.
For performing the integrals in Equations 20 and 21,
we treat the integral over the optical detuning δao as
the outer integral. When performing this integral nu-
merically, for each value of δao we have to perform the
integral over δaµ (Figure 4). For a given value of δao,
the inner integral over δaµ will be peaked when the de-
tunings mean that the dressed states are degenerate. To
take these peaks into account, Equation 23 can be used to
find the value of δaµ where the peak occurs, for the given
value of δao, and then the integral will be split around
this value.
Finally, having found appropriate bounds for our nu-
merical integrals, each individual section is integrated us-
ing Gauss-Lobatto quadrature, a quadrature integration
method which uses the bounds of integration as 2 of the
grid points and will ensure that integration points doesn’t
miss the peaks of the sharply peaked functions. These in-
tegrated terms are the density matrix terms integrated
over the inhomogeneous broadening distribution, and can
be used to find the atomic transition operator sum terms
for our classical cavity field equations.
This whole procedure allows us to solve for the atomic
transition operator sum terms in the cavity field equa-
tions, as functions of the cavity fields. These atomic
transition operator terms depend nonlinearly on the cav-
ity fields, and so we will numerically solve the cavity field
equations for α and β, as a function of the microwave and
optical detuning.
IV. LINEAR APPROXIMATION
It is very slow to evaluate the cavity fields using an
iterative numerical method because this requires us to
evaluate the atomic ensemble terms many times. This
would make optimising the device conversion efficiency
also very slow, and so in this section we develop an ap-
proximate form of the cavity field equations which does
not require iterative methods to solve and so is much
faster.
The atomic terms in Equations 9 and 10 depend non-
linearly on the cavity field amplitudes, which means that
the equations must be solved numerically. However, if
the cavity fields are very small we can make the approx-
imation that the atomic terms only depend linearly on
the cavity fields allowing us to solve for the cavity fields
directly. It should be pointed out that we are only consid-
ering the fields in the microwave and optical signal cavi-
ties to be small. We assume nothing about the strength
of the optical pump field.
We start by noting that, without approximation, L can
be separated into terms which each depend only linearly
on one of the cavity fields or their conjugates,
L = L0 + αLα + α∗Lα∗ + bLβ + β∗Lβ∗ (28)
L0 corresponds to the case where β = α = 0, but there
may still be the strong pump laser and excitation by ther-
mal photons. We now make the approximation that our
6density matrix depends only linearly on the cavity fields,
ρ ≈ ρ0 + αρα + α∗ρα∗ + βρβ + β∗ρβ∗ (29)
We are solving for steady state, ρ˙ = Lρ = 0, and so
(L0 + αLα + ...)(ρ0 + αρα + ...) = 0 (30)
L0ρ0 = 0 because this is steady state master equation
with β = α = 0. If we assume that terms that are the
product of two fields are negligible, Equation 30 can be
rearranged to give
0 = α(L0ρα + Lαρ0) + α∗(L0ρα∗ + Lα∗ρ0) (31)
+ β(L0ρβ + Lβρ0) + β∗(L0ρβ∗ + Lβ∗ρ0) (32)
Because the field amplitudes and their conjugates are
treated as independent variables each of these terms must
individually be zero, L0ρx+Lxρ0 = 0 for x = α, α∗, β, β∗.
And so we can find each ρx,
ρx = −L−10 Lxρ0 (33)
For this linear approximation we will replace the
atomic terms in the cavity field equations (Equations 9
and 10) σ12,k and σ13,k with the relevant elements of the
linearised ρ. For this approximation, only ρα and ρβ
contribute nonzero elements,
σ12 ≈ αρα,12 + βρβ,12 (34)
σ13 ≈ αρα,13 + βρβ,13 (35)
and hence the atomic ensemble terms can be written
as
S12 = α
∑
k
gµ,kρα,12,k + β
∑
k
gµ,kρβ,12,k (36)
= αSα,12 + βSβ,12 (37)
and likewise,
S13 = αSα,13 + βSβ,13 (38)
We can calculate the linearised atomic ensemble terms
by first calculating ρ0, from this we can find the single
atom ρα and ρβ using Equation 33. We then integrate
the single atom coherences over the inhomogeneous dis-
tribution as we did in the unlinearised case to give us the
linearised atomic ensemble terms. These terms do not
depend on the cavity fields amplitudes α and β, but will
depend on the frequencies of the cavity fields, as well as
distribution of the atomic transition frequencies.
Sα,12 =
∫
dδaodδaµG(δao, δaµ)ρα,12(δao, δaµ) (39)
This yields equations for the cavity fields which only de-
pend linearly on β and α,
−iδµb = −i(αSα,12 + βSβ,12)− γµc + γµi
2
β +
√
γµcβin
(40)
−iδoa = −i(αSα,13 + βSβ,13)− γoc + γoi
2
α+
√
γocαin
(41)
These equations are linear and so can be solved ana-
lytically. To do this we express them as a matrix
[√
γµcβin
√
γocαin
]
=
[
iSα,12 iSβ,12 − iδµ + γµc+γµi2
iSα,13 − iδo + γoc+γoi2 iSβ,13
][
β
α
]
(42)
Using the relation between the output fields and the
cavity fields (Equation 12), we can now express the out-
put fields in terms of the two input fields,
αout = Cαααin + Cαββin (43)
βout = Cβααin + Cβββin (44)
where
Cαα =
γoc
(
iSβ,12 − iδµ + γµc+γµi2
)
Sα,12Sβ,13 +
(
iSα,13 − iδo + γoc+γoi2
) (
iSβ,12 − iδµ + γµc+γµi2
) (45)
Cαβ = −
iSβ,13
√
γµcγoc
Sα,12Sβ,13 +
(
iSα,13 − iδo + γoc+γoi2
) (
iSβ,12 − iδµ + γµc+γµi2
) (46)
Cβα = −
iSα,12
√
γµcγoc
Sα,12Sβ,13 +
(
iSα,13 − iδo + γoc+γoi2
) (
iSβ,12 − iδµ + γµc+γµi2
) (47)
Cββ =
γµc
(
iSα,13 − iδo + γoc+γoi2
)
Sα,12Sβ,13 +
(
iSα,13 − iδo + γoc+γoi2
) (
iSβ,12 − iδµ + γµc+γµi2
) (48)
7Cαα and Cββ give us the transmission through the optical and microwave cavities,∣∣∣∣αoutαin
∣∣∣∣2 = |Cαα|2, ∣∣∣∣βoutβin
∣∣∣∣2 = |Cββ |2 (49)
Cαβ and Cβα give the conversion efficiency from microwave photons to optical photons and vice versa,∣∣∣∣αoutβin
∣∣∣∣2 = |Cαβ |2, ∣∣∣∣βoutαin
∣∣∣∣2 = |Cβα|2 (50)
And hence the conversion efficiency which we want to optimise is given by
|Cαβ |2 =
∣∣∣∣∣∣ Sβ,13
√
γµcγoc
Sα,12Sβ,13 +
(
iSα,13 − iδo + γoc+γoi2
) (
iSβ,12 − iδµ + γµc+γµi2
)
∣∣∣∣∣∣
2
(51)
This equation is very fast to evaluate, the atomic ensemble terms only need be evaluated once for each value of the
detunings, rather than many times as they would be using an iterative method.
Parameter Value
1↔ 3 dipole moment d13 ‡ 1.63× 10−32 Cm
2↔ 3 dipole moment d23 ‡ 1.15× 10−32 Cm
Lifetime of |3〉 τ3 ‡ 11 ms
Lifetime of |2〉 τ2 † 11 s
Optical inhomogeneous linewidth σo
† 2pi · 419 MHz
Microwave inhomogeneous linewidth σµ
† 2pi · 5 MHz
Optical coupling strength go
‡ 51.9 Hz
Microwave coupling strength gµ
‡ 1.04 Hz
Microwave cavity intrinsic loss γµi
† 2pi · 650 kHz
Microwave cavity coupling loss γµc
† 2pi · 1.5 MHz
Optical cavity intrinsic loss γoi
‡ 2pi · 7.95 MHz
Optical cavity coupling loss γoc
‡ 2pi · 1.7 MHz
† From measurements.
‡ From literature [14, 21].
TABLE I: The parameters characterising the atomic
properties of erbium and the cavities which were used
for the calculations, unless otherwise specified.
V. OPTIMISING UPCONVERSION
EFFICIENCY
The regime relevant to quantum information process-
ing is expected to be close to the single photon regime.
This means that the microwave and optical signal fields
will be very small, and we expect saturation effects to be
negligible and so we are able to use the linear approxi-
mation model (Section IV).
The parameters which characterise the Er:Y2SiO5 ex-
periments and are used for the simulations are sum-
marised in Table I. These parameters come from a com-
bination of recent experimental measurements [20] per-
formed at low temperature in a dilution refrigerator and
from previous literature.
To maximise the conversion efficiency we want to have
the intra cavity fields as large as possible. If there was no
coupling between the atoms and the cavity fields, then
the field amplitudes would be largest when the the fields
were resonant with the cavity. However, the interaction
between the cavity fields and the atoms will ‘pull’ the cav-
ity resonance and the cavity fields will be largest around
the dressed states of the atoms and the cavity. Approxi-
mating the atoms as identical two level atoms, the cavity
detunings for the given atomic detunings are
δcµ =
Nµg
2
µ
δaµ
(52a)
δco =
Nog
2
o
δao
(52b)
Where No is the number of atoms driven by the optical
field, and Nµ is the effective number of atoms for the mi-
crowave transition, which will be influenced by the tem-
perature Nµ = (ρ11−ρ22)N = exp(h¯ω/kbT )−1exp(h¯ω/kbT )+1N , where N
is the total number of atoms.
Initially to improve the conversion efficiency we can
scan the microwave and optical atomic detunings, and
see how the conversion efficiency (Equation 51) changes
as shown in Figure 5. To keep the cavity fields large, the
cavity detunings were set to the dressed state detunings
given by Equations 52 and so these cavity detunings will
change as functions of the atomic detunings.
As well as having control over the atomic and cav-
ity detunings, experimentally we also have some control
over the coupling rates γoc and γµc for the optical and
microwave cavities, as well as control over the strength of
the optical pump laser. When using a Fabry-Pe´riot res-
onator as the optical cavity, we have control over γoc by
changing the reflectivity of the mirrors, and when using a
whispering gallery mode resonator the coupling rate can
be changed by changing the distance between the res-
onator and the coupling prism. Similarly we can change
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FIG. 5: Cavity transmission and conversion efficiency as
functions of both the cavity and atomic detunings
(microwave and optical). The red lines correspond to
the approximate dressed states of the atoms and cavity
(Equation 52). For this simulation there are
N = 4.8× 1016 atoms, with No = 2.2× 1015 in the
optical beam path, at a temperature of 100 mK.
the microwave coupling by adjusting the antennae.
We want to be able to maximise the conversion effi-
ciency, which will be affected by several factors including
the laser pump power, the intrinsic cavity losses and the
temperature of the atoms. To find the maximum conver-
sion efficiency we use a minimisation algorithm to find the
largest value of the conversion efficiency given by Equa-
tion 51. For this optimisation we are able to vary the
atomic and cavity detunings, as well as the microwave
and optical coupling rates. For optimising the conver-
sion efficiency we choose N = 1 × 1016 total atoms, all
driven by the optical field. This number of atoms cor-
responds to a crystal 12 mm in length, driven by a laser
with beam width of 0.6 mm and an erbium ion concentra-
tion of 250 ppm. Atoms driven by the microwave field but
not the optical field will lead to an increase in parasitic
absorption of the microwave photons, and so minimising
the number of atoms driven by only the microwave field
will minimise this effect.
To generate an initial guess for the optimisation algo-
rithm, we first vary the atomic detunings, while keep-
ing the cavity detunings determined by the approximate
dressed state detunings and set the coupling rates to the
values specified in Table I. The atomic detunings are var-
ied to find the maximum conversion efficiency, which can
be used for our initial guess for the full optimisation pro-
cess, where the atomic and cavity detunings, and the
coupling rates will all be varied. This allows us to find
the highest conversion efficiency for given values of other
parameters such as laser pump power, intrinsic losses and
temperature.
Increasing the optical laser pump power will increase
the conversion efficiency because if there are more optical
pump photons then it is more likely that an atom driven
into the |2〉 state by the input microwaves will be further
driven into the |3〉 state, which allows for the emission of
an upconverted photon. Experimentally, increasing the
pump laser power is limited because higher power will
cause heating of the crystal leading to reduced conversion
efficiency. The effect of heating can be reduced by pulsing
the pump laser with the input microwave photons, rather
than have it shining continuously.
Increasing the quality factor of the optical resonator
will increase the conversion efficiency in two ways be-
cause both the optical pump and the optical output pho-
tons are resonant (with different modes of) the cavity.
The higher quality factor will increase the optical pump
field strength, which will have a similar effect to increas-
ing the pump power. The intra cavity upconverted field
amplitude will also be increased because fewer photons
will be lost to intrinsic cavity damping, and so the am-
plitude of the upconverted output field will be increased,
increasing the conversion efficiency.
Figure 6 shows the effect of temperature on the maxi-
mum conversion efficiency for a range of laser pump pow-
ers. The conversion efficiency decreases as the tempera-
ture increases. For low temperature almost all the ions
will be in the |1〉 state, and only a small fraction will
thermally excited into the |2〉 state. The atoms in state
|2〉 produce a upconversion signal that is out of phase
with those in |1〉 and to some extent cancels it out. This
means that at higher temperatures, where the thermal
population of both states is similar, the conversion effi-
ciency is low, especially at low pump powers.
In Figure 7 the maximum conversion efficiency as been
calculated as a function of the optical pump power, for
different values of the optical Q factor, showing the con-
version efficiency increase as the pump power is increased.
For the higher Q factor resonators, initially there are
large increases in conversion efficiency as the power is
increased, and the rate of increase becomes less at higher
pump power. The levelling off occurs when the pump
power is high enough such that whenever an ion is ex-
cited into the |2〉 state by an input microwave photon,
it will be further driven into the |3〉 state. The conver-
sion efficiency cannot reach 100% because of the effect
of other incoherent loss processes, but by increasing the
optical pump power we will decrease the effect of inco-
herent decay of the |2〉 state. For the lower Q resonator
(Q = 107) we don’t see the same levelling off effect over
this range of pump powers because the intra cavity pump
field is much smaller, and so increasing the pump power
still increases the chance that an ion in state |2〉 will fur-
ther excited into |3〉.
Thus with a combination of high Q factor resonators
and high optical pump power at low temperatures, at-
tainable using a dilution refrigerator, conversion efficien-
cies above 80% should be possible. This is far higher
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FIG. 6: The optimised conversion efficiency as a
function of the system temperature, for different values
of the pump laser power PΩ. This simulation was
performed using an optical Q factor of 108.
than the largest conversion efficiency found experimen-
tally using this setup which was 1.26× 10−5.
The much higher conversion efficiency in these simula-
tions occurs for several reasons. Firstly, the temperature
is 100 mK in the simulations in Figure 7 which is attain-
able using a dilution refrigerator, compared with around
4 K attainable with a cryostat. This lower temperature
leads to a much longer lifetime of the microwave transi-
tion, so less input microwave photons are lost to incoher-
ent decay. These simulations also assumed a crystal of
pure 170Er, while in the previous experiment the crystal
was not isotopically pure, leading to parasitic absorption
by 167Er ions. Finally, in these simulations the detun-
ings and coupling rates were all selected for the highest
conversion efficiency.
VI. CONCLUSION
We have developed a theoretical description of our
rare-earth ion based upconversion device. We began by
formulating equations to describe the microwave and op-
tical cavity fields, and from there a description of the
interaction between the cavity fields and the inhomoge-
neously broadened ensemble of ions. Numerical methods
were developed to be able to simulate this device.
From here a simplified model was developed, valid for
the quantum information regime where the cavity fields
are small. Using realistic experimental parameters for an
erbium doped crystal we predict it is possible to reach
conversion efficiencies above 80%.
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FIG. 7: The optimised conversion efficiency as a
function of the input laser pump power, so different
values of the optical Q factor, at a temperature of
100 mK.
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